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Abstract
In this paper, we investigate the thermodynamic properties of an Aharonov-Bohm (AB) quantum
ring in a heat bath for both relativistic and non-relativistic cases. For accomplishing this, we used
the partition function which was obtained numerically using the Euler-Maclaurin formula. In
particular, we determined the energy spectra as well as the behavior of the main thermodynamic
functions of the canonical ensemble, namely, the Helmholtz free energy, the mean energy, the
entropy and the heat capacity. The so-called Dulong-Petit law was verified only for the relativistic
case. We noticed that in the low energy regime, the relativistic thermodynamic functions are
reduced to the non-relativistic case as well.
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I. INTRODUCTION
In recent years, the study of quantum rings (QRs) has received much attention due to
its variety of technological applications in single-photon emitters, nanoflash memories [1, 2],
photonic detectors [1, 3] and qubits for spintronic quantum computing [1]. Moreover, quan-
tum rings (QRs) is a fruitful subject for studying topological influence in condensed matter
physics [1]. They are remarkable nanostructures with a non-simply connected topology which
gives rise an intriguing energy structure [4] which differs from most others low-dimensional
systems such as quantum dots, quantum wires and quantum wells. Besides QRs are di-
vided into two categories: the one-dimensional (1D) (rings of constant radius) [5–13] and
the two-dimensional rings (2D) (rings of variable radius) [14–18].
In particular, a special case of 1D QRs has obtained notoriety in the literature, the
so-called Aharonov-Bohm (AB) rings [19–21]. Currently, there are several number of works
that analyze the dynamics of AB rings in both theoretical and experimental approaches. For
instance, AB rings are studied in connection with the Aharonov-Casher (AC) effect [19–22],
Lorentz symmetry violation [20], mesoscopic decoherence [23], electromagnetic resonator [24]
and Rashba spin-orbit interaction [21, 25, 26].
The study of physical properties of such materials, focusing on their thermal properties,
is of great interest in the condensed matter physics, especially in solid state. Indeed, it
is justified by practical needs and the fundamental science knowledge [27]. It is worth
mentioning that in Refs. [27–31] were investigated the thermal properties of graphene,
graphite, carbon nanotubes and nanostructured carbon materials. Nevertheless, the energy
spectra of relativistic and non-relativistic cases as well as the thermodynamic properties for
a Dirac fermion confined in a AB ring are lack up to date .
The present work has the purpose of determining the thermal properties of an AB ring
for the relativistic and non-relativistic cases. For accomplishing this, we consider a set of
non-interacting indistinguishable N -fermions confined in a AB ring. Besides we noticed
that the energy spectrum is non-degenerate which allowed us to consider the strength field
approach and use the numerical method based on the Euler-MacLaurin formula to calcu-
late the canonical partition function. Moreover, in the low energy regime, the relativistic
thermodynamic functions are reduced to the non-relativistic case.
This work is organized as follows: In Section II, we introduce the model of AB ring
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described by the Dirac equation which shows the Dirac spinor and the energy spectra of
relativistic and non-relativistic cases. In Section III, we determine explicitly the thermody-
namic properties of the AB ring, such as the Helmholtz free energy, the mean energy, the
entropy and the heat capacity. We discuss about the results as well. Finally, in Section IV,
we present our conclusions and the final remarks.
II. AN AB RING MODELED BY (1+1)-DIMENSIONAL DIRAC EQUATION
In this section, we obtain the relativistic and non-relativistic energy spectra of an AB ring
modeled by the Dirac equation in polar coordinates whose signature of the metric tensor
is (+ − −). Introducing initially the Dirac equation in the (3 + 1)-dimensional Minkowski
spacetime written in an orthogonal system (in natural units ~ = c = 1) [32]{
iγµDµ +
i
2
3∑
k=1
γk
[
Dk ln
(
h1h2h3
hk
)]
−m
}
ψ(t, r) = 0, (µ = 0, 1, 2, 3), (1)
where γµ are gamma matrices, Dµ =
1
hµ
∂µ are the derivative, hk are scale factors of the
corresponding to coordinate system, m is the rest mass and ψ(t, r) is the Dirac spinor. In
polar coordinates (t, ρ, θ), the scale factors are h0 = 1, h1 = 1, h2 = ρ = a and h3 = 1, where
a = const is the radius of the ring for modeling a 1D circular ring [4–9]. In this sense, Eq.
(1) turns out to be
i
∂ψ(t, θ)
∂t
= (α2pθ + γ
0m)ψ(t, θ), (2)
where pθ = − ia ∂∂θ , and θ is the azimuthal angel which lies in 0 ≤ θ ≤ 2pi.
Considering that the AB ring admits stationary states whose two-component Dirac spinor
are given by ψ(t, θ) = e−iEtf(θ), and that the electromagnetic minimal coupling, Eq. (2)
becomes
Ef(θ) = Hringf(θ) =
[
α2 (pθ − qAθ) + γ0m
]
f(θ) (3)
where E is the relativistic total energy of fermion with electric charge q.
Since we are working in a (1 + 1)-dimensional Minkowski spacetime, it is convenient to
define the Dirac matrices α2 and β in terms of the Pauli matrices, i.e., α2 = −α2 = −σ2
and γ0 = σ3. Writing f(θ) = (R
+(θ), R−(θ))T , we transform Eq. (3) as follows m 1a ddθ − iqAθ
− 1
a
d
dθ
+ iqAθ −m
 R+(θ)
R−(θ)
 = E
 R+(θ)
R−(θ)
 . (4)
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To configure an AB ring we must use the vector potential of the AB effect for a fermion
restricted to move in a circle of radius a. Explicitly, this vector potential is written as
A = Φ
2pia
eˆθ, where Φ = pib
2B is the magnetic flux of the solenoid of radius b and B is the
constant magnetic field inside the solenoid [33]. We transform Eq. (4) in a system of two
first-order coupled differential equations given by
(E −m)R+(θ) = 1
a
(
d
dθ
− Φ
Φ0
)
R−(θ), (5)
(E +m)R−(θ) =
1
a
(
− d
dθ
+
Φ
Φ0
)
R+(θ), (6)
where Φ0 ≡ 2piq is the magnetic flux quantum. Now, Substituting (6) into (5), we obtain a
linear differential equation with constant coefficients[
d2
dθ2
− 2i Φ
Φ0
d
dθ
+ a2(E2 −m2)− Φ
2
Φ20
]
R+(θ) = 0 (7)
with normalized solutions are given by R+(θ) = 1√
2pi
eiλθ. Consequently, the coefficient λ is
λ± =
Φ
Φ0
± a
√
E2 −m2. (8)
However, since R+(θ) satisfies the periodicity condition R+(θ + 2pi) = R+(θ), it requires
that λ± is an integer number. In this sense, we obtain the following relativistic energy
spectrum and the spinor for the Dirac fermion confined in an AB ring:
En,s = ±
√
m2 +
1
a2
(
n− s Φ
Φ0
)2
, (n = 0,±1,±2, . . .)
ψ(t, θ) =
ei(λθ−Et)√
2pi
 1
−iνλ+ ν Φ
Φ0
 , (9)
where ν = 1
a(E+m)
and s = ±1. This parameter comes from the following relation: Φ0 → sΦ0,
where Φ0 =
2pi
e
> 0, and s = +1 is regarded to be a positive charged fermion, s = −1 to a
negative charged fermion and e > 0 is the elementary electric charge.
Now, using the prescription E =  + m in (9), where  << m, we obtain the following
non-relativistic energy spectrum of a Dirac fermion confined in an AB ring [34]
n,s =
1
2ma2
(
n− s Φ
Φ0
)2
, (n = 0,±1,±2, . . .). (10)
We see that the relativistic and non-relativistic energy spectra are non-degenerated. How-
ever, in the limit Φ → 0, the energy spectra have a twofold degeneracy, i.e., each energy
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level is doubly degenerate (except for n = 0). Moreover, positive n represents a fermion
traveling in the same direction of the current of the solenoid and negative n describes a
fermion traveling in the opposite direction.
III. THERMODYNAMIC PROPERTIES OF THE AB RING
In this section, we calculate the thermodynamic properties of the AB ring in contact
with a thermal reservoir at finite temperature for the relativistic and non-relativistic cases.
These properties are given by following thermodynamic quantities, namely, the Helmholtz
free energy, the mean energy, the entropy and the heat capacity. For the sake of simplicity
we assume that only fermions with positive energy (E > 0), negatively charged (s = −1)
are regarded to constitute the thermodynamic ensemble.
A. The relativistic case
For calculating the thermodynamic properties, let us begin defining initially the fun-
damental object in statistical mechanics, the so-called partition function Z. Given the
non-degenerate energy spectrum, we can define it by a sum over all possible states of the
system
Z1 =
∞∑
n=0
e−βEn , (11)
where β = 1
kBT
, and kB the Boltzmann constant and T is the thermodynamic equilibrium
temperature. After we obtain Z1, all thermodynamic properties of the AB ring can be
addressed. The main thermodynamic functions of our interest are the Helmholtz free energy
F , the mean energy U , the entropy S and the heat capacity CV which are defined as follows
F = − 1
β
ln ZN , U = − ∂
∂β
ln ZN , S = kBβ
2∂F
∂β
, CV = −kBβ2∂U
∂β
, (12)
where ZN is the total partition function for an set of non-interacting indistinguishable N -
fermions.
In particular, let us consider the partition function regarding the relativistic case. Using
the expressions (9) and (11), one obtains that for a one-fermion confined in the AB ring the
partition function is
Z1 =
∞∑
n=0
e−β
√
An2+Bn+C , (13)
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where A = 1
a2
, B = 1
a2
Φ
Φ0
and C = 1 +
(
Φ
aΦ0
)2
.
Since Eq. (13) cannot be evaluated in a closed form, we assume that AB ring is submitted
to strong enough magnetic field (Φ  Φ0) and the above equation turns out to be f(n) '
e−β
√
Bn+C , which is a monotonically decreasing function and the associated integral
I(β) '
ˆ ∞
0
e−β
√
Bx+Cdx =
2
Bβ2
(1 + β
√
C)e−β
√
C (14)
is convergent and may be evaluated. With the sake of calculating it, now, let us invoke the
so-called Euler-MacLaurin sum formula [35]
Z1 =
∞∑
n=0
f(n) ' 1
2
f(0) +
ˆ ∞
0
f(x)dx−
∞∑
p=1
1
(2p)!
B2pf
(2p−1)(0), (15)
which may be rewritten simply as
Z1 =
∞∑
n=0
f(n) ' 1
2
f(0) +
ˆ ∞
0
f(x)dx− 1
12
f ′(0) +
1
720
f ′′′(0)− . . .+, (16)
where B2p are the Bernoulli numbers. Explicitly, above equation takes the form
Z1 ' e−β
√
C
[
2
Bβ2
(1 + β
√
C) +
1
2
+
(
B
24
√
C
− B
3
720
√
C5
)
β +
1
90
(
A
2C
− B
2
8C2
)
β2 − O(β3)
]
.
(17)
where O(β3) are terms involving higher order terms of β which will be neglected henceforth.
Notice that when one considers the high temperatures regime (β  1), Eq. (17) becomes
Z1 ' 2
Bβ2
(1 + β
√
C), (18)
which straightforwardly yields
ZN '
[
2
Bβ2
(1 + β
√
C)
]N
. (19)
Therefore, using the partition function (19), the Helmholtz free energy, the mean energy,
the entropy and the heat capacity for the relativistic case are written as follows
F ' −N
β
ln
[
2
Bβ2
(1 + β
√
C)
]
, U ' N (2 + β
√
C)
(β + β2
√
C)
, (20)
S ' NkB
{
ln
[
2
Bβ2
(1 + β
√
C)
]
+
(2 + β
√
C)
(1 + β
√
C)
}
, CV ' NkB
[
2 + 4β
√
C + β2C
(1 + β
√
C)2
]
. (21)
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B. The non-relativistic case
Now, let us take into account the non-relativistic case where most of phenomena in
condensed matter physics take place. Substituting our previous result of the energy spectrum
(10) in the partition function (11) and considering the condition where Φ Φ0, we obtain
Z1 '
∞∑
n=0
e−β(B¯n+C¯) (22)
where B¯ = Φ
ma2Φ0
and C¯ =
(
Φ√
2maΦ0
)2
. In an explicit form, above expression is given by
Z1 ' e
−βC¯
1− e−βB¯ (23)
and the total partition function for a set of non-interacting indistinguishable N -fermions is
ZN '
[
e−βC¯
1− e−βB¯
]N
. (24)
Therefore, taking into account (24) and the previous definition in (12) the required ther-
modynamic functions, namely, the Helmholtz free energy, the mean energy, the entropy and
the heat capacity for the non-relativistic case are written as
F¯ ' −N
β
ln
(
e−βC¯
1− e−βC¯
)
, S¯ ' NkB
[
β
(
C¯ +
B¯
eβB¯ − 1
)
+ ln
(
eβ(B¯−C¯)
eβB¯ − 1
)]
, (25)
U¯ ' N
(
B¯
eβB¯ − 1 + C¯
)
, C¯V ' NkBβ2
[
B¯2eβB¯
(1− eβB¯)2
]
. (26)
In what follows, all discussions and remarks concerned to both the relativistic and the
non-relativistic cases are presented in the next section. The construction and the analysis
of graphics are provided as well to elucidate the behavior of the thermodynamic functions
calculated previously. Finally, we make our final remarks in the conclusion.
C. Results and discussions
At the beginning, we displays our results on the calculation of the thermodynamic func-
tions (12) for the relativistic case. Since we obtained a non-degenerate spectrum, for ob-
taining such results, we used the Euler-MacLaurin formula regarding a strong field approach
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which was sufficed to evaluate the partition function numerically. Nevertheless, we also pro-
vide the calculations of the same thermodynamic functions pointed out in (12) considering
the non-relativistic case. We make a brief comparison between them highlighting the main
features.
Here, we plot all profiles of the thermal quantities vs. τ for different values of the
magnetic flux Φ, namely, Φ = 50Φ0, 100Φ0, 150Φ0, 200Φ0 which is displayed in Figs. 1 and
2. Considering the relativistic case, we see from Fig. 1 that the Helmontz function F (T )/N
has a little increasement when τ starts to increase. Nevertheless, in general it decreases for
high values of τ and has bigger values when the magnetic flux decreases. In the interval
0 6 τ 6 2 the behavior of the function U(T )/N does not depend on the different magnetic
fluxes while in the interval 2 6 τ 6 20 it starts increasing with a nearly linear behavior.
The entropy S(T )/N is slowly increasing for large τ and decreases for large magnetic fluxes
Φ′s. The heat capacity CV (T )/N tends to an asymptotic behavior fixed in the value 2 when
τ increases.
In addition, for the non-relativistic case, we see from Fig. 2 that the Helmontz function
F¯ (T )/N in the interval 0 6 τ 6 10000 decreases with a nearly linear behavior when τ
increases and has bigger values when the magnetic flux Φ increases. The mean energy
U¯(T )/N increases with a entirely linear behavior when τ increases which is similar when
one compares with the relativistic case. The entropy S¯(T )/N as in the relativistic case, is
low increasing. The heat capacity C¯V (T )/N differently to the relativistic case, has a abrupt
asymptotic behavior in the value 1.
In general, analyzing the thermodynamic properties for the relativistic and non-
relativistic cases we observed that the average energy in both systems presents a critical
point for low temperature, that is, close to T = 0 K. However, in both cases since the tem-
perature of the system increases, the amount of free energy available to perform the ensemble
work decreases rapidly. In contrast, we noted that when this ensemble tends to the thermal
equilibrium in the reservoir, the mean energy of the system increases continuously. The
thermal variation of the AB ring tends to increase until reaching the thermal equilibrium
in both cases, once the equilibrium is reached, this quantity remains constant. We also ob-
served that the thermodynamic quantities studied have a higher intensity in the relativistic
case, that is, all the amounts assume considerable values for low temperatures, as predicted
in the literature. These results are due to the fact that in the relativistic case we have more
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energetic quantum system than in the non-relativistic case. Moreover, based on the solid
state physics, we noted that the well-known Dulong-Petit law is satisfied for the relativistic
case, namely CV (T → 0)/N ' 2KB. On the other hand, for the non-relativistic case we
obtained only C¯V (T → 0)/N ' KB which does not satisfy the well-known Dulong-Petit law.
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Figure 1: Numerical solutions for the thermodynamic properties of the Aharanov-Bohm ring for
the relativistic case: (a) The Helmholtz free energy; (b) the mean energy; (c) the entropy and (d)
the heat capacity. In this case, we consider τ = KBT .
IV. CONCLUSION
This work has the purpose of investigating the thermodynamic properties of an Aharovov-
Bohm quantum ring in a heat bath regarding both relativistic and non-relativistic cases in
the canonical ensemble framework at finite temperature. First, we calculated the relativistic
energy spectrum and the spinor for relativistic case and we took a low energy limit where
non-relativistic energy spectrum was recovered. It is worth mentioning that the energy
9
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Figure 2: Numerical solutions for the thermodynamic properties of the Aharanov-Bohm ring for
the non-relativistic case: (a) the Helmholtz free energy; (b) the mean energy; (c) the entropy and
(d) the heat capacity.
spectrum turned out to be non-degenerated. Since the entire partition function did not
have a closed form for carrying out our calculations, we performed it numerical regarding the
strong field approximation which turned out to have a smooth behavior when the parameter
τ started to increase. Moreover, when a low energy limit is taken into account, we obtain
the non-relativistic regime as expected. In possession of the partition function, all the main
thermodynamic properties could be derived, namely the Helmontz function F (T ), the mean
energy U(T ), the entropy S(T ) and the heat capacity CV (T ) and their respective graphics
were plotted for several values of τ and different magnetic fluxes Φ ′s.
We noticed that the well-known Dulong-Petit law is satisfied for the relativistic case,
namely CV (T → 0)/N ' 2KB. On the other hand, for the non-relativistic case we obtained
only C¯V (T → 0)/N ' KB which does not satisfy the well-known Dulong-Petit law. In
this way, we conclude that when we treat the system by relativistic formalism we obtain a
10
correction factor equivalent to KB. Finally, we expect in a near future, in agreement with
experiments, that our results may be used as a useful tool to study these properties.
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